In this paper we introduce the class of graphs whose complements are asteroidal (starlike) graphs and derive closed formulas for the number of spanning trees of its members. The proposed results extend previous results for the classes of the multi-star and multicomplete/star graphs. Additionally, we prove maximization theorems that enable us to characterize the graphs whose complements are asteroidal graphs and possess a maximum number of spanning trees.
Introduction
The number of spanning trees of a graph G is an important, well-studied quantity in graph theory, and appears in a number of applications. Its most notable application is in the field of network reliability: in a network modeled by a graph, intercommunication between all nodes of the network implies that the graph must contain a spanning tree; thus, maximizing the number of spanning trees is a way of maximizing reliability [2, 15, 12, 20] . Other application fields arise from enumerating certain chemical isomers [3] , and counting the number of Eulerian circuits in a graph [10, 11] .
Thus, both for theoretical and for practical purposes, we are interested in deriving formulas for the number of spanning trees of a graph G, and also of the K n -complement of G. For any subgraph H of the complete graph K n , the K n -complement of H, denoted by K n − H, is defined as the graph obtained from K n by removing the edges of H; note that if H has n vertices then K n − H coincides with the complement H of H. Many different types of graphs K n − H have been examined: for example, there exist closed formulas for the cases where H is a pairwise-disjoint set of edges [22] , a chain of edges [13] , a cycle [7] , a star [19] , a multi-star [18, 23] , a multi-complete/star graph [4] , a labeled molecular graph [3] , and more recently if H is a circulant graph [8, 12, 24] , a quasi-threshold graph [17] , and so on (see Berge [1] for an exposition of the main results).
A common approach for determining the number of spanning trees of a graph G relies on a classic result known as the complement-spanning-tree matrix theorem [21] , which expresses the number of spanning trees of G as a function of the determinant of a matrix that can be easily constructed from the adjacency relation of G, i.e., adjacency matrix, adjacency lists, etc. Calculating the determinant of the complement-spanning-tree matrix seems to be a promising approach for computing the number of spanning trees of families of graphs of the form K n − H, where H is a graph that exhibits symmetry (see [1, 4, 7, 18, 17, 16, 23, 24] ).
In this paper, we define two classes of graphs, namely, the complete-planet and the star-planet graphs, which generalize well-known classes of graphs; we call these two classes of graphs asteroidal graphs. It turns out that computing the number of The neighborhood N(x) of a vertex x is the set of all the vertices of G which are adjacent to x. The closed neighborhood of vertex x is defined as N [x] = {x} ∪ N(x). The degree of a vertex x in the graph G, denoted d (x) , is the number of edges incident on x; thus, d(x) = |N(x)|. If two vertices x and y are adjacent in G, we say that x sees y; otherwise we say that x misses y. We extend this notion to vertex sets:
By K n we denote the complete graph on n vertices. Moreover, for symmetry, we denote by S n+1 a tree on n + 1 vertices with one vertex having degree n and call it a star graph (it is commonly denoted by S 1,n ); we call the vertex of S n+1 with degree n its center vertex. The chordless path (resp. cycle) on n vertices
Their join is denoted G 1 + G 2 and consists of G 1 ∪ G 2 plus all edges joining V (G 1 ) with V (G 2 ). For any connected graph G, we write mG for the graph with m components, each isomorphic with G, m ≥ 2. Thus, the graph mK n (resp. mS n , mP n , mC n ) consists of m disjoint copies of K n (resp. S n , P n , C n ). Note that, S n+1 = K 1 + nK 1 . Throughout the paper, we refer to complete graphs, star graphs, path graphs, and cycle graphs as cliques, stars, paths, and cycles, respectively.
Asteroidal graphs
A graph G on n vertices is called a complete-planet (resp. star-planet) if its vertex set V (G) admits a vertex-disjoint partition into sets A and B such that:
, and for each i = 1, 2, . . . , m, |B i | ≥ 0 and B i induces α ij , β ij , γ ij , and δ ij disjoint copies of cliques, stars, paths, and cycles, respectively, on j vertices; that is,
(S3) The vertex v i ∈ A sees all the vertices of G i and misses all the vertices in
We collectively call the above defined graphs asteroidal graphs; Fig. 1 shows the general form of a complete-planet graph and a star-planet graph. Let G be an asteroidal graph and let A and B be the partition sets of V (G) Throughout the paper, we use the following convention: any isolated vertex of a planet-subgraph is considered to be a 
Multi-star graph [18, 23] 
Finally, γ i3 = δ i3 = 0, since K 3 = C 3 and S 3 = P 3 . Therefore, for a planet-component which is a star S n , then n ≥ 3, whereas if it is a path P n or a cycle C n then n ≥ 4. Let G be an asteroidal graph on m sun-vertices and planet-vertices. We denote by α(j) the number of the maximal cliques K j of the planet-graph G [B] . Similarly, we denote by β(j), γ (j), and δ(j) the number of the maximal stars S j , paths P j , and cycles C j , respectively, of G [B] . Thus, we have:
We define the vector α = [α(1), α(2), . . . , α( )] on the planet-graph G [B] , and we call it the clique vector of the asteroidal graph G; in a similar manner, we define the vectors β, γ , and δ and we call them star vector, path vector, and cycle vector, respectively. Clearly, the vectors α, β, γ , and δ of an asteroidal graph G determine the number of the maximal cliques, stars, paths, and cycles in G [B] . Hereafter, we write α = 0 to denote that there exists at least one j, 1 ≤ j ≤ , such that α(j) = 0, i.e., α = 0 is equivalent to α(1) = α(2) = · · · = α( ) = 0. We use a similar notation for the star vector, path vector, and cycle vector. For example, if α = 0, β = 0, γ = 0 and δ = 0, then the planet-graph G [B] contains only stars, paths, and cycles.
Many graphs can be derived as special cases from the asteroidal graphs, depending on the sun-graph and the values of the clique, star, path, and cycle vectors. For example, given a complete-planet graph with K m and vectors α, β, γ , δ, and setting m = 1, γ (5) = 1, γ (j) = 0 for all j = 5, and α = β = δ = 0, we get the graph K 1 + P 5 , and when setting m = 1, δ(k) = 1, δ(j) = 0 for all j = k, and α = β = γ = 0, we get the wheel graph W k+1 , i.e., the graph obtained from a chordless cycle on k vertices by adding a vertex that sees every vertex of the cycle (see Fig. 2 ). A listing of such results is presented in Tables 1 and 2 .
Computing the number of spanning trees of asteroidal graphs is not very interesting because it is fairly easy. Consider a complete-planet or a star-planet graph G; since the vertices V ij of each clique, star, path, or cycle of a planet-subgraph 
where Fib(2j) denotes the (2j)th Fibonacci number. 2 Then, the numbers τ (G c ) and τ (G s ) of spanning trees of a complete-planet graph G c and a star-planet graph G s on m sun-vertices are equal to
note that a complete graph on m vertices has m m−2 spanning trees whereas a star graph has a single spanning tree. In contrast, computing the number of spanning trees of K n -complements of asteroidal graphs is not so easy. In order to facilitate the derivation of closed formulas for this number, we define the following ordering of the vertices of the graph G: for each planet-subgraph G i of G in order, we place first the vertices that belong to the maximal cliques of G i starting from the vertices of the smallest clique; the vertices that belong to each maximal star of G i are placed next with the star's central vertex last; the vertices of the paths follow in the order they are met along the path, and after them, the vertices of the cycles in the order they are met around the cycle; in the end, we have the vertices that belong to the sun-graph of G in arbitrary order.
Complement-spanning-tree matrix
Let G be a graph on n vertices v 1 , v 2 , . . . , v n . The complement-spanning-tree matrix of the graph G is an n × n matrix A defined as follows:
It has been shown [21] (also known as the complement-spanning-tree matrix theorem) that the number of spanning trees τ (G) of G is given by
For G = K n , we have that A = I n ⇒ det(A) = 1, and Eq. (2) implies Cayley's tree formula [10] which states that τ (K n ) = n n−2 . Let us apply Eq. (2) on G = K n − H where |V (H)| = p < n; then, the complement-spanning-tree matrix A of G has the following form (empty entries in the matrix represent 0s):
where the submatrix M is a p × p matrix which corresponds to the vertices in H. Note that the submatrix I n−p corresponds to the n − p remaining vertices which have degree n − 1 in G, and, thus, they have degree 0 in G. From the form of the matrix A, we see that det(A) = det(M ). Thus, we focus on the computation of the determinant of matrix M .
The degree matrix of a graph H on p vertices is a p × p matrix D defined as follows: 
Throughout the paper, empty entries in matrices represent 0s. Moreover we denote by 1 p the vector of size p whose entries are all equal to 1.
The number of spanning trees
Before proving closed formulas for the number of spanning trees of graph K n − G, where G is an asteroidal graph, let us consider the j × j matrices M K j , M P j , M C j , and M S j , which correspond to a complete graph K j , a star S j , a path P j , and a cycle C j on j vertices, respectively; that is,
Notice here that by the definition of the complement-spanning-tree matrix, the sum of the entries in each row and each column, in each of the three matrices, is n − 1. It is easy to derive a formula for the determinants of matrices M K j and M S j by subtracting the first row from all the other rows and by adding all the columns to the first column. We obtain:
For the matrices M P j and M C j , we define a recurrence which is solved using standard techniques (similar results can be found in [7] ); for n ≥ 5, we have:
It is not difficult to see that the quantities λ(K j ), λ(S j ), λ(P j ), and λ(C j ) are all non-negative.
Complete-planet graphs
Let K n be the complete graph on n vertices and G c be a complete-planet graph on m sun-vertices {v 1 , v 2 , . . . , v m } and planet-vertices such that V (G c ) ⊆ V (K n ). We use Corollary 2.1 in order to derive a closed formula for the number of spanning trees of the graph
where G i is the ith planet-subgraph of G c , we construct a matrix U i which, based on our ordering scheme (see end of Section 2.1) has the following form: 
In order to compute the determinant of matrix U i , we add one more row and one more column at the top and left of the matrix U i ; the resulting ( i + 2) × ( i + 2) matrix U i has its (1, 1)-entry and (1, i + 2)-entry equal to 1 whereas all other positions of the first row and column are equal to 0. More precisely, matrix U i has the following form:
By expanding with respect to the entries of the first column of matrix U i , we have det(U i ) = det(U i ). We subtract the first row of U i from all the rows of U i , except the last row. Next, we multiply all the columns of U i , except for the last column, by 1/(n−1) and add them to the first column. Recall that the sum of the elements of every column except the last one is equal to n − 1. Finally, we subtract the first column from the last column of matrix U i . Thus, substituting the value d(v i ) = m + i − 1 and since det(U i ) = det(U i ), we obtain:
. Now we are ready to compute the number τ (G) of spanning trees for the graph G = K n − G c using the complementspanning-tree matrix theorem and Corollary 2.1. Thus we construct an (m+ )×(m+ ) matrix U(= M) for a complete-planet graph G c , based on our vertex ordering scheme (end of Section 2.1). Then, we have:
is an (m + ) × (m + ) matrix and the submatrices U i,i , 1 ≤ i ≤ m, are obtained from U i by deleting its last row and its last column (which correspond to vertex v i ). Note that U consists of two blocks: the first block corresponds to the vertices of the planet-subgraphs of G while the second block corresponds to the vertices of the sun-graph of G (it is easy to check the adjacencies). It now suffices to compute the determinant of matrix U. Following a procedure similar to the one we applied for the matrix U i , we obtain:
where
In order to compute the value det(D c ), we multiply the first row of matrix D c by −1 and add it to the m − 1 remaining rows. Then, we multiply column i by 
By using p i to denote p i = q i − 1 and by substituting the value of det(D c ) into Eq. (4), we obtain the following theorem. 
and α(j) (β(j), γ (j), δ(j), resp.) is the number of maximal cliques (stars, paths,cycles, resp.) on j vertices in the planet-graph of
For the quantities p i , we obtain the following result. The proof is a straightforward derivation of the restrictions on the corresponding parameters of a complete-planet graph and, thus, it is omitted. It is important to note that although a p i may be negative (see Cases (1) and (3) of Lemma 3.1), the number of spanning trees is never negative.
Star-planet graphs
Let G s be a star-planet graph on m + 1 sun-vertices and planet-vertices such that V (G s ) ⊆ V (K n ). We use the complement-spanning-tree matrix theorem in order to derive a closed formula for the number of spanning trees of the
In the previous section, for the graph G = K n −G c we have formed the ( i +1) × ( i +1) matrix U i , and we have computed its determinant. It is easy to see that the matrix U i matches the corresponding matrix for the graph K n − G s provided that we use d (v 
We compute the determinant of U i using the same technique as the one we applied for the case K n − G c , and we obtain:
Thus, by Corollary 2.1 we construct the (m + + 1) × (m + + 1) matrix U(= M), according to our vertex ordering scheme for a star-planet graph G s . For the number τ (G) of spanning trees of the graph G = K n − G s , we have the following formula:
U i by deleting its last row and its last column. Note that
Thus, for the determinant of matrix U, we have 
We have the following theorem: 
and α(j) (β(j), γ (j), δ(j), resp.) is the number of maximal cliques (stars, paths, cycles, resp.) on j vertices in the planet-graph of G s .
In this case, for the quantities p i , i = 1, 2, . . . , m, we have: 
Maximization results
As mentioned in the introduction, a uniformly-most reliable network [5, 15] is defined to maximize the number of spanning trees. Thus, it is interesting to determine the types of graphs which have the maximum number of spanning trees for fixed numbers of vertices and edges. In this section, we provide maximization results for the number of spanning trees of K n − G, where G is a complete-planet or a star-planet graph. In order to keep the number of vertices and edges fixed, we assume that:
• the clique K n is fixed (i.e., n is fixed), • the number m of vertices of the sun-graph is fixed, and • the clique vector α, the star vector β, the path vector γ , and the cycle vector δ are fixed; thus, our results are over the family of complete-planet graphs (resp., star-planet graphs) obtained by all possible combinations of connecting each clique, star, path, and cycle of each planet-subgraph to a sun-vertex.
Complete-planet graphs
Let G c be a complete-planet graph on m sun-vertices and planet-vertices, where = 1 + 2 +· · ·+ m and i , 1 ≤ i ≤ m, is the number of vertices of its planet-subgraphs G 1 , G 2 , . . . , G m . For notational convenience, we write the number τ (K n −G c ) of spanning trees of the graph K n − G c given by Theorem 3.1 as the product τ ( (5)). Since we are interested in maximizing the number of spanning trees when the parameters n and m, as well as the clique star, path, and cycle vectors are fixed, it suffices to maximize the factor Y (G c ).
We will concentrate in the case where m ≥ 2 and > 0; if m = 1 or = 0, we have no flexibility in changing the graph G c . We note that
(which has a fixed value since n, m, are fixed), we get
We compute the maximum by computing the partial derivative of Y (G c ) with respect to any p t , 1 ≤ t ≤ m − 1, and setting it equal to 0:
which through standard algebraic manipulations is simplified to 
Proof. If for all i = 1, 2, . . . , m, it holds that i < , then p i > 0 (Case (4) of Lemma 3.1) and the lemma clearly follows. Suppose now that j = for some j in {1, 2, . . . , m}; then Case (3) of Lemma 3.1 applies and p j ≥ − n−m n−1
and p i = n − m > 0 for all i = j. Since p i > 0 for all i = j, the lemma again readily follows if t = j, whereas if t = j we need only show that 
we verify that the above extremum of Y (G c ) is a maximum. Our result is stated in the following theorem. It is worth noting that maximizing the number of spanning trees of K n − G c is NP-complete; it follows from the wellknown Partition problem [6] . In [4] , a maximization theorem was provided for the graph K n − G, where G is a multi-star graph, which follows as a consequence of Theorem 4.1; since the authors in [4] consider that the planet-components can only be single vertices, then if it is not possible to have 1 = 2 = · · · = m , it is certainly feasible to ensure that any two of the i s differ by at most 1.
Since for given clique, star, path, and cycle vectors, achieving that 1 = 2 = · · · = m , if possible, requires us to make a large number of combinations in general, below we give another result which when applied repeatedly helps us attain a maximum in this number of spanning trees, although this may not necessarily be the global maximum.
Let v i and v j be two arbitrary vertices of the sun-graph G c [A] and let G i and G j (on i and j vertices, respectively) be their corresponding planet-subgraphs. From G c , we construct the complete-planet graph G c by moving planet-components between the planet-subgraphs G i and G j to obtain planet-subgraphs G i and G j on i and j vertices, respectively; then, the In a fashion similar to the one used in the proof of Lemma 4.1, we can show that Φ 1 > 0. Additionally, X (G c ) ≥ 0. Thus, in Eq. (9) we have to consider the value of i j − i j . We prove the following lemma. 
